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Abstract
This article explores the numerical solution of mixed convection heat transfer in incompressible viscous ﬂuid past a vertical porous
plate with variable suction/injection considering Joule heating, Hall and Ion slip eﬀects. The model for the ﬂow in the porous
medium is characterized by the Darcy-Forchheimer model. The governing equations are ﬁrst transformed into a dimensionless
form by the local similarity transformations and then solved numerically using the shooting method. The approach of a non-
dimensional distance along the plate, which is varied between 0 and 1, is considered to analyze a characteristic feature of the present
investigation, where similarity solutions cannot be obtained. The inﬂuence of pertinent parameters on the ﬂow characteristics is
analyzed and depicted graphically.
c© 2015 The Authors. Published by Elsevier Ltd.
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1. Introduction
Mixed convection in porous media has been a topic of great interest as it plays vital role in the usage of geothermal
energy. A detailed review of convective heat transfer in Darcy and non-Darcy porous medium can be found in Nield
and Bejan [1], Ingham and Pop [2,3], Bejan [4], Vafai [5] and Vafai and Hadim [6] (also see the citations therein).
Several investigations on mixed convection ﬂows past diﬀerent geometries immersed in both Newtonian and non-
Newtonian ﬂuids saturated porous medium, under various physical conditions have been reported in the literature.
Jayanthi and Kumari [7] explored the importance of variable viscosity on free or mixed convection ﬂow past a ver-
tical surface in a ﬂuid saturated non-Darcy porous medium. The numerical investigation for the impact of melting
on transient mixed convective heat transfer over a vertical surface in a ﬂuid saturated porous medium has been pre-
sented by Cheng and Lin [8]. Chin et al. [9] analyzed the steady mixed convection ﬂow past a vertical impermeable
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plate ﬁxed in a porous medium when the viscosity of the ﬂuid changes inversely as a linear function of the temperature.
Hall eﬀect plays vital role in many geophysical and astrophysical applications besides several engineering prob-
lems. The present interest in the analysis of magneto-hydrodynamics has been stimulated by various important ap-
plications in Hall accelerators, constructions of turbines and centrifugal machines, MHD generators, induction ﬂow
meters, etc. Srinivasacharya and Mekonnen [10–12] presented the signiﬁcance of Hall and Ion-slip eﬀects in non-
Newtonian ﬂuids. An extensive report of Hall eﬀects is presented by Cowling[13]. Some latest MHD convection
articles were concentrated on the extended eﬀects such as Joule heating and viscous dissipation. These eﬀects are
oriented to be signiﬁcant for massive variations of gravitational force, operating at high rotational speeds and strong
magnetic ﬁeld. Takher and Soundalgekar [14] studied the eﬀects of viscous dissipation and Joule heating on the MHD
free convection ﬂow past a vertical plate. Palani and Kim [15] studied eﬀects of Joule heating and viscous dissipa-
tion on MHD ﬂow past a semi-inﬁnite inclined plate with variable surface temperature. Several researchers [16–22]
reported the free or mixed convection ﬂow, heat transfer past various geometries under diﬀerent physical conditions
such as Joule heating, viscous dissipation, Hall current and Ion slip eﬀects, etc.
As there is study is available on the combined eﬀects of viscous dissipation, Joule heating, Hall and Ion slip on
mixed convective heat transfer along a vertical porous surface immersed in a ﬂuid saturated porous medium. Consid-
ering the signiﬁcance of viscous dissipation, Joule heating, Hall and Ion slip eﬀects for ﬂow in a non-Darcy porous
medium, the problem of mixed convective heat transfer along a vertical porous surface immersed in a ﬂuid saturated
porous medium is investigated in this article. The vertical porous plate is assumed to be subject to variable suc-
tion/injection.
2. Mathematical Formulation
Consider a steady, laminar, incompressible, mixed convection boundary layer ﬂow of an electrically conducting
and heat generating/absorbing viscous ﬂuid past a vertical semi-inﬁnite porous plate with the origin at the leading
edge. Let the x and y axes be parallel and normal, respectively, and let the z-axis be coincident with the leading
edge of the plate. The governing equations for this investigation include viscous dissipation and Joule heating eﬀects
with the generalized Ohm’s and Maxwell’s laws. The suction/injection velocity distribution is assumed to have power
function form A xl, x is the distance from the leading edge.
By employing laminar boundary layer ﬂow assumptions and Boussinesq approximation, the governing equations
are given by
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where u, v and w are velocity components in x, y and z directions respectively, T is the ﬂuid temperature, σ(=
e2 ne te/me) is the electrical conductivity, e is the electron charge, te is the electron collision time, ne is the electron
number density,and me is the mass of the electron. ρ, ν and Cp are the density,kinematic viscosity and speciﬁc heat
at constant pressure of the ﬂuid,respectively. Q and k are volumetric rate of heat generation and thermal conductiv-
ity, respectively. αe = 1 + βiβe, βe(= we te) is the Hall parameter with we(= eB0/me) is the electron frequency, and
βi(= e ne B0/((1+ ne/na)Kai)) is the ion-slip parameter, na is the neutral particle number density,and Kai is the friction
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coeﬃcient between ions and neutral particles, g is the acceleration due to gravity, βT is the coeﬃcient of thermal
expansion and α is the eﬀective thermal diﬀusivity of the medium.
The associated boundary conditions are
u = 0, v = Axl, w = 0, T = Tw, at y = 0 (5a)
u = u∞, w = 0, T = T∞ as y→ ∞ (5b)
where A is a constant. In view of the continuity Eq. (1), introducing the stream function ψ by
u =
∂ψ
∂y
, v = −∂ψ
∂x
(6)
Substituting Eq.(6) in Eqs. (2)-(4) and then invoking the following local similarity transformations
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y
x
Re1/2x , f (η) =
ψ
ν
Re−1/2x , g(η) =
w
u∞
, θ(η) =
T − T∞
Tw − T∞ (7)
we obtain the following nonlinear system of partial diﬀerential equations
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The boundary conditions are transformed to
f ′ = 0, f = fw, g = 0, θ = 1 at η = 0 (11a)
f ′ = 1, g = 0, θ = 0 as η→ ∞ (11b)
where the prime denote diﬀerentiation with respect to η, Re =
u∞ L
ν
is the Reynolds number, Pr =
ν
α
is the Prandtl
number, Fc =
b
L
is the Forchheimer parameter, b is the Forchheimer constant, Da =
Kp
L2
is the Darcy number, X =
x
L
is the dimensionless coordinate along the plate, Ha2 =
σ B20 L
2
ρ ν
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number, γ =
Q L2
ρCp ν
is the heat generation/absorption coeﬃcient, Ri =
Gr
Re2
is the mixed convection/Richardson num-
ber, Gr =
g∗ βT (Tw − T∞) L3
ν2
is thermal Grashof number and  is the porosity.
In the boundary conditions f = fw =constant is applied to preserve the x-independency, because it is necessary for
the similarity solution to exist. The suction/injection parameter ( fw) in its non-dimensional form is written as
fw = −2 A x
l+1/2
ν1/2 u1/2∞
(12)
and will be independent of x only when l = −1/2. The negative power distribution for injection/suction will lead to
inﬁnite injection/suction at the leading edge, which is unrealistic, but the method of similarity solution will still give
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Table 1. Comparison of −θ′(0) for a vertical plate in viscous ﬂuids in absence of Hall and Ion-slip eﬀects with X = 1, fw = 0, Ri = 0,  = 1,
Fc = 0, γ = 0, Ec = 0, Re = 200 and Da→ ∞
Pr Lin and Lin[23] Yih[24] Kuznetsov and Nield[25] Present
0.01 0.051559 0.051589 - 0.05159120
0.10 0.1420032 0.1420034 0.158 0.14003414
1.00 0.332057 0.332057 0.332 0.33205734
10.0 0.728148 0.728141 0.73 0.72814131
100.0 1.571186 1.571831 1.57 1.57183520
accurate results suﬃciently far from the leading edge.
The parameters of physical interest are the wall shear stress and heat transfer from the permeable plate, respectively
are given by
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[
μ
∂u
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]
y=0
, qw = −k
[
∂T
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]
y=0
. (13)
The non-dimensional skin friction Cf =
2τw
ρU2∗
and the local Nusselt number Nux =
qwx
k(Tw − T∞) , where U∗ is the
characteristic velocity, are given by
C fRe1/2x = f
′′(0),
Nux
Re1/2x
= −θ′(0). (14)
3. Results and discussion
The Eqs.(8)-(10) along with the boundary conditions Eq.(11) constitute a set of nonlinear non-homogeneous dif-
ferential equations for which closed-form solution out of reach. Hence, we have decided to solve it numerically using
a shooting technique. The major steps of the method are as follows:
i. First convert the boundary value problem to the initial value problem;
ii. Reduce the system of Eqs.(8)-(10) to a ﬁrst order system;
iii. Identify the missing initial values using the Newton-Raphson method;
iv. Integrate the ﬁrst order system of equations using the Runge-Kutta method of fourth-order;
v. Update the obtained information until all the free stream boundary conditions satisﬁes asymptotically.
In the absence of Hall and Ion-slip eﬀects with X = 1, fw = 0, Ri = 0,  = 1, Fc = 0, γ = 0, Ec = 0, Re = 200
and Da → ∞ for diﬀerent values of Prandtl number Pr, the results have been compared with the special cases given
by Lin and Lin[23]; Yih[24]; Kuznetsov and Nield[25] and found that they are in good agreement, as shown in table
(1). The computations are carried out for the ﬁxed values of Pr = 0.71,Re = 200,  = 0.6,Ri = 2.0,Da = 0.1, fw =
2.0, βe = 0.2. These values are ﬁxed through out the investigation unless otherwise stated.
The variation of non-dimensional skin friction coeﬃcient and Nusselt number against the dimensionless stream-
wise coordinate X with Ion-slip parameter (βi), Hall parameter (βe) and Hartmann number (Ha) is presented in Fig.1.
Figure1(a) depicts that the non-dimensional skin friction coeﬃcient is slightly diminished with the increase of Ion-
slip parameter. The same orientation of skin friction coeﬃcient is observed with the increase of Hall parameter as
illustrated in Fig.1(b). Further, the local skin friction coeﬃcient is signiﬁcantly enhanced with the rise of Hartmann
number as well as dimensionless stream-wise coordinate X as shown in Fig.1(c). Figures 1(d) and 1(e) reveal that
the non-dimensional local heat transfer coeﬃcient is slightly linearly decreased with the rise of βi and βe whereas,
the rise in Hartmann number signiﬁcantly enhanced the non-dimensional local heat transfer rate but diminished with
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increasing dimensionless stream-wise coordinate X as displayed in Fig.1(f).
The inﬂuence of Eckert number (Ec), Joule heating parameter (γ) and Forchheimer number (Fc) on non-dimensional
local skin friction and heat transfer coeﬃcients is portrayed in Fig.2. From Fig.2(a), we notice that an increase in Eck-
ert number slightly enhanced the skin friction coeﬃcient. The presence of Joule heating parameter is evident from the
Fig. 2(b) and hence is not discussed specially for the sake of brevity. From Fig.2(c), we see that an increase in non-
Darcy parameter Fc produced the noticeable increment in skin friction coeﬃcient. The non-dimensional heat transfer
rate is decreased with the increase of Joule heating parameter and Eckert and Forchheimer numbers as delineated in
Figs.2(d)-2(f).
A close look at Eqs.(8)-(10) reveals that, in mixed convection due to a ﬂuid saturated non-Darcy porous medium,
the proﬁles are not similar because the x-coordinate cannot be eliminated from these equations. Thus, for ease of
analysis, it was decided to proceed with ﬁnding local-similarity solutions for the governing equation, Eqs.(8)-(10).
That is, taking X = x/L and then varying the X-location, one can still study the eﬀects of various parameters on the
solution. Hence, the various proﬁles are plotted versus dimensionless stream-wise coordinate X in Figs.(1)-(2). From
these ﬁgures, it is clearly seen that the existence of similarity solution is not possible for the present setup.
4. Conclusions
In this article, the inﬂuence of Joule heating, Hall and Ion-slip parameters on mixed convection ﬂow past a vertical
porous plate ﬁxed in a ﬂuid saturated non-Darcy porous medium in the presence of viscous dissipation is analyzed.
The main ﬁndings are summarized as follows:
• An increase in Hall, Ion-slip and Joule heating parameters, slightly reduced both the local skin friction coeﬃ-
cient and heat transfer rate but, appreciably enhanced the skin friction coeﬃcient and Nusselt number.
• An increase in Eckert number moderately enhanced the skin friction coeﬃcient but notably decreased the heat
transfer rate.
• The non-dimensional local skin friction coeﬃcient is strengthened with the increase of Forchheimer number
where as the opposite trend is observed for local heat transfer rate.
• The approach of considering a non-dimensional distance along the plate, which is varied between 0 and 1, is a
characteristic feature of the present investigation, where similar solutions cannot be obtained.
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Fig. 1. Variation of skin friction proﬁles with (a) βi, (b) βe, (c) Ha; and variation of local heat transfer coeﬃcient with (d) βi, (e) βe, (f) Ha
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Fig. 2. Variation of skin friction proﬁles with (a) Ec, (b) γ, (c) Fc; and variation of local heat transfer coeﬃcient with (d) Ec, (e) γ, (f) Fc
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